Additional Math Formulae

Summeation Formulae
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Trigonometric | dentities
sin(a & B) = sin(a) cos(f) + cos(a) sin(B)
cos(a) cos(B) = % (cos(a — B) + cos(a + B))

sin(a) cos(B) = % (sin(a —B)+sin(a+pB))

cos?(6) — 1+cc;s(29)
el® = cos(6) + jsin(e)

cos(6) = % (e"e + e*je)
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cos(a + 3) = cos(a) cos(B) F sin(a) sin(B)
sin(a)sin(B) = % (cos(a — B) — cos(a + B))

cos’(8) +sin(8) =1

Sin?(6) 1- 035(29)

e 19 = cos(8) — jsin(B)

sin(e) = Jiz (eje—e’je)

Series and Transform Equations

Discrete-Time Fourier Series

Continuous-Time Fourier Series

Discrete-Time Fourier Transform
Continuous-Time Fourier Transform
Bilateral Laplace Transform
Unilateral Laplace Transform

Bilateral z-Transform

Unilateral z-Transform

Convolution

Convolution
Periodic Convolution

Circular Convolution

X(t) *y(t)
x(t) @ y(t)
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X(t) = %T/:)X(jw)ej‘*‘dw

X(t) i/cﬂwX(s)eﬂds
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X(t) = j7T/(H_m X(s)elds
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X[n| = j?[j{X(z)z“*ldz

X[ = j%J!X(z)z”’ldz
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Basic Continuous-Time Fourier Series Pairs

Name Signal Fourier Series
Basic Signal X(t), Period T X[k, oo = &
Complex Exponential ~ x(t) = el Pt X[K] = 8k — p]

Cosine X(t) = cos{ poxt) X[ = % (8k— p] + 8k + p])
Sine X(t) = sin( peot) X[ = = (5k— pl - k- p)
Constant X(t)=c X[k = cdlK]
X()_{l, tl< Ty _
Periodic Square Wave 0 <<} XK = Sn(i(;[)o-rl)
andx(t+T) =x(t)
Impulse Train X(t) = % o(t—nT) X[K] :%

n=—oo




Properties of Continuous-Time Fourier Series

Property Periodic Signal Fourier Series
Basic Signals X(t),y(t),z(t); Te=Ty=T  X[K,Y[k],Z[K]; wo = 2T
Linearity 2(t) = AX(t) + By(t) Z[K = AX[K] +BY[K
Time Shifting z(t) = x(t —to) Z[K] = X [K]e~ Tkeoto
Frequency Shifting 2(t) = elkowuty(t) Z[K) = X[k— ko]
Conjugation 2(t) = X (t) Z[K = X*[—K]
Time Reversal 2(t) = x(—t) Z[K = X[—K]
Time Scaling z(t) = x(at),a > 0 ZK =X[K,T,= &
Periodic Convolution 2t) = | X(Oy(t-)dr Z[K = TX[KIY[K
Multiplication 2(t) = x(t)y(t) Z[K = | :memv[k_ 1
Differentiation 2(t) = 24U ZIK = jkoaX[K]
Integration 2(t) :[mx(T) dt,X[0]=0 Z[K = (H(%K)X[k]
Z[K = Z*[-K
Properties of Real Signals Z(t) real g{{g[[t]]}} - - é?[z_[l_(]g]}
i
Properties of Real, Even Signals  z(t) real and even Z[K] real and even
Properties of Real, Odd Signals ~ z(t) real and odd Z[K] imaginary and odd
Isolation of Even Part 2(t) = xe(t) with x(ty el Z[K] = O{X[K]}
Isolation of Odd Part 2(t) = %o(t) withx(t) real  Z[K = jO{X[K]}

Parseval’s Relation (Power) Pave:1/|z(t)|2dt Pue= Y 1ZIKP
TJ/7 o



Basic Continuous-Time Fourier Transform Pairs

Name Signal Fourier Transform Nlon-ze.ro ?([k]
(if periodic)
Basic Signa X(t) X(jw) X[K]
Periodic Signal Xt) =y X[l X(jw) =21y X[K8(w— kax) X[K]
k=—o0 k=—00
Complex Exponential X(t) = el ot X (jw) = 2m(w— wp) X[1] =1
: . X[1] =3
Cosine X(t) = cos(uxt) X(jw) = 1[d(w— w) + &(w+ wp)] X[—1] 2
=2
X[1] = %
Sine X(t) = sin(wgt) X(jw) = —1.-[[6(0)—0)0)—6(&)4-0)0)] 1=z 1
J X[-1] = 7
Constant x(t)=c X(jw) = 21med(w) X[0]=c
1, tI<T .
x(t) = { T X(jw) = -
Periodic Square Wave 0, Ti<itf<3 - XK = sin(keoTa)
2sin(kayTy) kmt
and x(t+T) = x(t) k; K 8(w— k)
: > 2 2 21k 1
Impulse Train x(t)_n;mé(t—nT) X(jw) = ?kz‘f(w—?) X[k = T
Centered Rectangular Pulse  x(t) = Lot<T X(jw) = 2sin(wh) not periodic
0, [tj>T W
—ult—a) Ut — X(jw) =
General Rectangular Pulse X(t) =u(t—a) —u(t—b) . b_a not periodic
a<b 25in (02(%2)) < . ( +a>)
exp| —jo ——
w 2
! . _sin(Wt) 1 |w<W .
Sinc Function X(t) = - X(jw) { 0 |oo >W not periodic
Impulse X(t) = 8(t —tp) X(jw) = e 1490 not periodic
— jot
Step X(t) = u(t —to) X(jw) = on + TO(W) not periodic
_ aat
Decaying Exponential é(t{)a}_j 0 u(t) (jw) = a+1j(o not periodic
tnfl a
Decaying Polynomial Exp. Xt) = (n—1)! ut) X(joo) = (a+1joo)” not periodic



Properties of Continuous-Time Fourier Transforms

Property Signal Fourier Transform
Basic Signals X(t).y(t) 2t X(j02),Y (). Z(je)
Linearity 2t) = Ax(t) +BY(t)  Z(jw) = AX(jw) +BY(j)
Time Shifting 2(t) = X(t — to) Z(jw) = e 190X (jo)
Frequency Shifting 2(t) = elovix(t) Z(j) = X(j (02— )
Conjugation 2(t) = x'() Z(j) = X*(~jw)

Time and Frequency Scaling z(t) = x(at)

Z(jw) = £ X (%0)

Convolution Z(t) = X(t) = y(t) Z(jow) =X(jw)Y(jw)
Multiplication Z(t) = x(t)y(t) Z(jo) = 2 X(jw) = Y(jw)
Time Differentiation z(t) = 3x(t) Z(jw) = juX(jw)
Integration z(t) = /1 x(T)dt Z(jw) = J%)X(jw) + 11X (0)d(w)
Frequency Differentiation Z(t) =tx(t) Z(jw) = j%x(jw)
Z(jw) = Z*(~jo)
0{z(jo)} = 0{Z(-jw)}
Properties of Real Signals Z(t) real {Z(jw)} = -0{Z(—jw)}

1Z(jw)| = 1Z(~jw)|
£Z(jw) = —4Z(~ )

Properties of Real, Even Signals  z(t) real and even

Z(jw) real and even

Properties of Real, Odd Signals  z(t) real and odd

Z(jw) imaginary and odd

Isolation of Even Part

Z(t) = xe(t) with x(t) real

Z(jo) = O{X(jo)}

I solation of Odd Part

Z(t) = Xo(t) with x(t) real

Z(jw) = jO{X(jw)}

Parseval’s Relation for

N Ay
Aperiodic Signals (Energy) Era _[W|Z(t)| dt

1 /> _ .
B = 5 [ _[2(j0)de



Basic Bilateral Laplace Transform Pairs

Name Signal Laplace Transform  ROC
Basic Signa X(t) X(s) Rx
Impulse X(t) = 8(t —to) X(s) =e %0 All's
: g o
Unit step X(t) = u(t—to) X(s) = S >0
g o
Reversed step X(t) = —u(—(t—tog)) X(s) = S 0<0
lynomial e =
Polynomi (t) = mu(t) X(s) = E g>0
sed Polynomial r L
Reversed Polynomi X(t) =— =1 u(-t) X(s) = o 0<0
1
; _ oat _ .
Exponential X(t) = e u(t) X(s) = st o o> —-0{a}
Reversed Exponential ~ x(t) = —e *u(—t) X(s) = s+ia o< -0{a}
Polynomial Exponential  X(t) = ———etuit)  X(s) = — o> -Ofa}
y P ~ 1) ~ (sta)n
Rev. Poly. Ex X(O) = — ety X(g) = L o< -Ofa}
- POV BXP- G ~ (sta)n
. s
Cosine X(t) = cos(upt)u(t X(s) = g>0
(t) = cos(ant)u(t) SR
- o
S t) = t)u(t X(s) = 0
ne X(t) = sin(ot)u(t) () 7 o>
Exponential Cosine X(t) = e % cos(wot)u(t X(s) = sta o> —0{a
p ) watut) XS = {o)
Exponential Sine X(t) = e *sin(wot)u(t) X(s) = @ o> -0{a}



Properties of the Bilateral Laplace Transform

Property Signal Laplace Transform  ROC
Basic Signals X(t),y(t), 2(t) X(),Y(9),2(9) ReRy, R,
Linearity Z(t) = AX(t) +By(t) Z(s) =AX(s)+BY(s) Atleast ReNRy
Time Shifting Z(t) = x(t —to) Z(s) = e J0X(s) R
s-domain Shifting z(t) = e9'x(t) Z(s) = X(s— %) sfors—sp e Ry
Conjugation Z(t) = X' (t) Z(s) = X*(s") Rx
Time and Frequency Scaling  z(t) = x(at) Z(s) = iX (E) sfor > eR
Convolution Z(t) = x(t) x y(t) Z(s) = X(s)Y(s) Atleast RiNRy
Time Differentiation z(t) = %x(t) Z(s) =sX(s) At least Ry

t
Integration Z(t) = / x(mdt  Z(s) = %X(s) Atleast Ryn{o > 0}
Frequency Differentiation Z(t) = —tx(t) Z(s) = EX(s) Rx



Properties of the Unilateral Laplace Transform

Property Signal Laplace Transform
Basic Signals §87:(§/)(7t§(t: 0.t<0 X(s),9(s),2(9)
Linearity Z(t) = AX(t) + By(t) Z(s) = AX(s)+BY(s)
: . Z(s) = e Sox(s)
Time Shifting Z(t) = x(t—to) if X(t —to)u(t) — X(t —to)u(t —to)
s-domain Shifting z(t) = e9'x(t) Z(s) = X(s— o)
, . 1 /s
Time and Frequency Scaling  z(t) =x(at), a> 0 Z(s) = aX (5)
Conjugation Z(t) =X (t) Z(s) = X*(s")
Convolution Z(t) = x(t) = y(t) Z(s) = X(5)7(s)
Time Differentiation Z(t) = %x(t) Z(s) =sX(s)—x(07)
Freguency Differentiation Z(t) = —tx(t) Z(s) = disx (s)

Time Integration Z(t) = /i x(T)dt Z(s) = }X(s)



